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We will need a few identities to massage this term. To this end, let H(p) = �p log2 p�
(1� p) log2(1� p) be the binary entropy.

b) Show that

nH(p) +O(log2 n)  log2

✓
n

pn

◆
 nH(p) +O(log2 n). (4)

Hint: Recall Stirling’s bound
p
2⇡

p
nn

ne�n  n!  e
p
nn

ne�n.

Solution: Setting q = 1� p,

✓
n

np

◆
=

n!

(np)!(nq)!


e
p
n
�
n

e

�n

2⇡n
p
pq

�
np

e

�np �nq

e

�nq (5)

=
e

2⇡
p
npq

p
�np

q
�nq

. (6)

Taking the logarithm yields

log2

✓
n

np

◆
 �n[p log2 p+q log2 q]+log2

e

2⇡
� 1

2
log2 npq = nH(p)+O(log2 n). (7)

The lower bound follows analogously and only di↵ers in the constant o↵set.

Furthermore, one can derive the following simple bound for the binary entropy H(x) 
1 � 2

�
x� 1

2

�2
. (If you are curious, it is a good excercise to use Taylor’s theorem

including an estimate for the remainder to derive this bound.)

Solution: The first derivatives of H are

H
0(x) = � log2(x) + log2(1� x) (8)

H
00(x) = � 1

x ln(2)
� 1

(1� x) ln(2)
(9)

H
000(x) =

1

x2 ln(2)
� 1

(1� x)2 ln(2)
. (10)

The maximum of H(x) is at xmax = 1
2 with H(xmax) = 1 and H

00(xmax) = � 4
ln(2) � 4.

Thus, by Taylor’s theorem

H(x) = 1� 2

ln 2

✓
x� 1

2

◆2

+R(x)  1� 2

✓
x� 1

2

◆2

+R(x), (11)

with R(x) = 1
6H

000(⇠)
�
x� 1

2

�3
for suitable ⇠ 2 (12 , x) for x � 1

2 or ⇠ 2 (x, 12) for x  1
2 .

The third derivative can be written as H 000(⇠) = �2
⇠� 1

2
⇠2 ln(2)(⇠�1)2 . Thus, as x and ⇠ are

always on the same side of 1
2 we always end up with an overall minus sign. So since

R(x)  0 for all x, it can be dropped to arrive at the bound.

c) Plug everything together and show that p  exp [�O(n✏2)].

Solution: The solution of (b) implies that up to log-factors
✓
bn

an

◆
⇡ 2bnH(a/b)

. (12)
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Thus, up to log-terms in n

log2 p  �2nH(1/2) + µnH(�/µ) + (2� µ)nH

✓
1� �

2� µ

◆
(13)

 �2n+ µn

 
1� 2

✓
�

µ
� 1

2

◆2
!

+ (2� µ)n

 
1� 2

✓
1� �

2� µ
� 1

2

◆2
!

(14)

= �2n+ µn� 1

2
µn(✏/µ)2 + 2n� µn� 1

2
n✏

2
/(2� µ) (15)

= �1

2
n

✓
1

µ
+

1

2� µ

◆
✏
2 (16)

= �n
1

µ(µ� 2)
✏
2 2 �O(n✏2). (17)

Here we have used that from � = µ/2� ✏/2 it follows that

2

✓
�

µ
� 1

2

◆2

=
1

2

✓
✏

µ

◆2

(18)

and

2

✓
1� �

2� µ
� 1

2

◆2

=
1

2

✓
2� µ+ ✏

2� µ
� 1

◆2

(19)

= �1

2

✏
2

(2� µ)2
. (20)
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