




































































































































IV B SIA a S t ad Sia

È
with fà FE KID INCAN E PAY






































































































































E FE KM INCANTI

FEE KIM HAN

Elah te A I

E tracepreserving

SA HA
PIA eigenvaluesofPri

A Ie RAINED Eh

Ie KA ECA juge en à

SIP SHE eeee

Poi Ie ha hCHn0ECPAYjIhraIIHHIIIKHIGAtIiYIiI AI
ciotole

SIA H era di E HA ERA SCEMA
In in Palshut5

I IND S Pa 5 a S Pa

















































































































SEÈ eh A HA HA ERA SCEMA

Clerk see I
X Y

when I X Y
p
Hey H Y IN

fin
remains whereY is definedby i

PII I PHDIEEE È

H Y I py log PD
H Y IN ETA YIKA E fu HAIXD

e E fra PMID log Pina

en flat lag p 010 11117lag p 110

fa lol lag p 017 11117lag P 111







































































































































eh G p lag 1 a i log p

eh lag p 4 9 lag a

Flag p 4 a lag aD Ha p

I x Y Hey H YIK Hf Ha e

elogia hip 1 MIA

Island
Canh see Iix spettri Hall egli held
a This is saturated it Iii f
F RA I GIA I PAID the IFPI D E

Clima L HA

filio MIOIN 0






































































































































O 1 P
1

g e
p

I
1 so

HIM I Paidlog era with eh Elektra

Py a Paideia Pio 7 Pelt G 1 Pelo

Py 1 PA o RIO Prete Pelt G P fra

Py PAIOPelo Pie 7 Pelt f

HIM IRIX log RED
1 DPer look Mpla
1 place log E 1 Paia

p log p
1 Del look M 1 Der log pala

e MED log EN Filgaia
p log p
129817M th P IP plage

H P 1 e HA








































































































































pria segg Iix

see Heil HNK

HIYK I PA HIYIK

ed Il YIK Pe HAI
fin o

prylolwithyea.sn e Pitts with c

0 P Z P 0 P I P

f H Y xD
PIO Rate 1

E paio lag Pina

È un O

HID

canta sapeteD sega H Y H Yle

see H Y HI





































































































see f e Mille H
e MIA Ale E MI

SIA He log 2 e

i the sup in achieved for Pala 1g

H sost x È

Y È Ieri Itt famm and Ian IN

EH È
yt 5,4 F

È i III folk s 3 and It's IM
I I
















































































X e ze U YUI FATE I P U V1 VOI

tutti
la E retto DAVID

In Yet

fa A i I Petit ve i

I REV deeV'È

teenie Gent






































































































































Di e I e Vii V I e Hit a 0

EDio I effimeri
EDio I PITIÉmoi
D sto X E Y

X e Y HA IRFAN

CHE Gettati
A E FINE ha E I Patti Di li il

I I e ftp.H De li il

E sfide Ittf
hitimmatticatt

In Melidee e Mt Istat tt



































































































HUNT INTIMATE
1 V'YU

INT.HN tut I

POLARDECOMPOSITION NIELSEN CHUANG PAG 79

I A liner operator

II A VI KUT With O unitary and 570 K 0

T andK oreinique J TATA and K TÀ
pro Fi

A UNA
subProof

vantati mmm

Vinto lei Aff with cede ceffi 4 ieri si

Gram Schmidt procedures extends Gli3 to an at basis te s N

U I lei il






































































































































V5 i Ali Hiss IN VI A

t.US
i7 VlD tilli A1i a sua

Uniadenesi
dubProof

AVI ATA SITUS
SEIE

ti asus

A TAU
UBPROOF

A V5 USUI KU with K VINTO

A KU AAEKUUTKt
KKTE.KZ KANT a

D

II Ittihad yanitary 1 diagonalwith è di nata Giant
proof

fitti nemmeno

Ata VAI tratta AND È dì
II

































































































H 107 I 519741 I 14741

proof

Tasca Int 14741 e 9 Us and is such
that

t.ca I e VII 14741 Us

T.MN T.TN I.TIMCNT

I T.ca MtMaIaTIDNT
EMtMi

1fI innerà
POST MEA STATE Pa

IMipMtjFUthitu.riaaDMtlUi

Mitu.rnsaTI attimi Vi






































































































































17 147 Weproved inprevious a that a Bobimasurement con be simulated
by Alice measurent classical communicationandlocalunita

farPÉstiantasy io coi

f etMimi 4IDEA

Quantum GhannelleyBob

T.IN Hesitant D TI a
TIMimi41741

Natisone I

Tafi
4 1741 Mt 1
TIMimi41741

iii
I TIENI e I Vit mi t.ca Mt Vi

I e VI FINGI Vi

I TIENI E FINGI








































































































































Freie Universität Berlin
Tutorials on Quantum Information Theory

Winter term 2022/23

Problem Sheet 7
Capacities and Majorization

J. Eisert, A. Townsend-Teague, A. Mele, A. Burchards, J. Denzler

1. Classical capacities of quantum channels
Although this exercise might look very long, it isn’t. In the next paragraphs we just want

to give you an overview on the formalism introduced in the lecture and needed for this

exercise in a compressed fashion. No need to be intimidated ;)

In the lecture, we saw two alternative characterisations of the classical channel capacity
of a quantum channel E , which is given by the its Holevo-information �(E). The task
here is to establish the equivalence of these expressions.

To this end, recall the definition of the quantum mutual information of a bi-partite
quantum system in a state ⇢AB

I(A : B)⇢AB
:= S(⇢A) + S(⇢B)� S(⇢AB). (1)

The Holevo information of channel can be defined using the following scheme: Alices
encodes the information of a classical random variable X taking values in X with prob-
ability distribution pX into a quantum state using a set of states {⇢x}x2X . To keep track
of the classical random variable but formulating everything quantum mechanically, we
think of Alice encoding the result in another faithfully register N using orthogonal
basis {|xi}x2X . From this notebook register N the classical information of X can be
completely recovered. Altogether, Alice prepares the bi-partite state

⇢NA =
X

x

pX(x) |xihx|N ⌦ ⇢
x
A. (2)

Then, the state in system A is sent to Bob using the channel E . Thus, we end up with
a final state shared between Alice’s notebook and Bob

⇢NB =
X

x

pX(x) |xihx|N ⌦ E(⇢xA)B. (3)

We can now ask for the mutual information between the variable X encoded in N and
Bob’s output of the channel. Analogously to the classical result, maximizing the mutual
information over all possible input variables X and encodings yields the capacity of the
quantum channel to transmit classical informations, i.e.

�(E) = max
(X,pX ,{⇢x})

I(N,B)⇢NA . (4)

a) Show that

�(E) = max
(X,pX ,{⇢x})

(
S(E(

X

x

pX(x)⇢
x))�

X

x

pX(x)S(E(⇢x))
)
. (5)

Remember that Shannon’s noisy channel coding theorem states that the capacity of a
noisy channel T is given by the maximum over all inputs of the mutual information:

C(T ) = max
X,pX

I(X : Y ),

where Y is the random variable describing the output of the channel T with input X.
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b) Determine the channel capacity of the binary symmetric channel defined by

Pr(0|0) = Pr(1|1) = 1� p

Pr(1|0) = Pr(0|1) = p.

Hint: It may be useful to expand H(Y |X) as
P

x p(x)H(Y |X = x).

We now want to determine the channel capacity of the binary erasure channel as defined
by

Pr(0|0) = Pr(1|1) = 1� p

Pr(e|0) = Pr(e|1) = p.

c) First, use the expansion H(Y ) = H(Y, Z) = H(E)+H(Y |Z) to show that H(Y ) =
H(p)+(1�p)H(⇡). Here, we let Z be the random variable distinguishing between
the event E = {Y = e} and ¬E = {Y 6= e}. We have that Pr(Z = E) = p.
Furthermore we call the propability defining the distribution of the input variable
⇡ = Pr(X = 1).

Hint: Use that Pr(Y = y|Y 6= e) = Pr(X = y).

d) Use this result and proceed analogously to the binary symmetric channel to de-
termine the channel capacity of the erasure channel.

2. Majorisation and transforming quantum states by local unitaries. (8 Points:
2+2+2+2)

In this problem we will look at the task of transforming a given copy of a pure bipartite
quantum state | i to another quantum state |�i using LOCC. The question is: Under

which conditions is the transition | i LOCC���! |�i possible?
The key to the answer of this question is the concept of majorisation. We say that a
vector x 2 R

n majorises y 2 R
n (denoted by x � y) if for all k = 1, . . . , n,

Pk
j=1

x
#
j �Pk

j=1
y
#
j and

Pn
j=1

x
#
j =

Pn
j=1

y
#
j . Here, x

# denotes the sorted version of x, i.e., a

permutation of the elements of x such that x
#
1
� x

#
2
� . . . � x

#
n. From now on, let x

and y be non-negative vectors.

a) Show that x = (2
3
,
1

3
, 0)T majorises y = (1

3
,
1

3
,
1

3
)T .

One can show that x � y if and only if x =
P

j pj⇧jy for a probability distribution
p and permutation matrices ⇧j (Please accept this equation.). By Birkho↵’s theorem,
which lies at the heart of majorisation theory, that statement is equivalent to saying
that x � y if and only if x = Dy for some doubly stochastic matrix D

1.

For two Hermitian operators X, Y 2 L(Cd) we say that X � Y if �(X) � �(Y ), where
�(A) is the spectrum of a matrix A.

b) Show that X � Y if and only if there exists a probability distribution p and
unitary matrices Uj such that

X =
X

j

pjUjY U
†
j .

Hint: For ”only if” direction, do eigenvalue decomposition as X = U⇤XU
†
and

Y = V ⇤Y V
†
, and use the fact ”�(X) � �(Y ) if and only if �(X) =

P
j pj⇧j�(Y )”.

For ”if” direction, use again eigenvalue decomposition and the fact ”�(X) � �(Y )
if and only if �(X) = D�(Y ) for some doubly stochastic matrix D”.

1A matrix D is called doubly stochastic if 8i, jDij � 0 and 8i
P

j Dij =
P

j Dji = 1, i.e., all rows and columns are
probability distributions.
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We are now ready to prove the (surprising!) theorem: | i LOCC���! |�i if and only if
TrB[| i h |] � TrB[|�ih�|]. (We encourage you to have a look into https://arxiv.
org/pdf/quant-ph/9811053.pdf, which is the original paper of the thorem.)

c) Show the ”only if” direction using the previous result. You can suppose that
LOCC is realised by a measurement on Alice’s side and a corresponding unitary
on Bob’s side. In other words, from Alice’s point of view it must be the case that
2

MjTrB[| i h |]M †
j = pjTrB[|�i h�|].

Hint: Use the polar decomposition of Mj

p
TrB[| ih |].

d) Now show the ”if” direction by proceeding analogously.

2This is because the transition from | i to |�i comes about as a post-measurement state with probability pj .
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