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Only the last layers matter to estimate expectation values, for most circuits.

Spoiler
(What we’ll see)

• Efficient classical simulation
• Lack of “Barren plateaus”

This implies:

‘Realistic’ noise



Outline

 Noise in quantum circuits 

 Effective shallow circuits


 Classical simulation of Pauli expectation values of noisy random circuits


 Barren plateaus



LimitationsCapabilities

•  Understanding noise impact in current quantum devices is important for: 

Efficient classical simulation of ‘supremacy’ sampling experiments [2].
Barren plateaus in variational quantum algorithms [1],

•  Depolarizing noise, e.g., induces: 

•  Many previous works modeled noise as solely depolarizing.
<latexit sha1_base64="b/yPewB+2IZKR4qJ1NwrD4zBtVc="></latexit>
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I

2
with p ∈ [0,1]

[2] A polynomial-time classical algorithm for noisy random circuit sampling, Aharonov et al., STOC (2023)
[1] Noise-induced barren plateaus in variational quantum algorithms. Wang et al, Nature Comm. (2021). 

•  But, tiny departure from this model could lead to different conclusions [3,4].

[3] Quantum refrigerator, Ben-Or et al, QIP (2013).
[4] Effect of non-unital noise on random circuit sampling, Fefferman et al, QIP (2023).



• The depolarizing assumption, if true, enormously constrains noisy computation:

Depth L
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N⌦n
dep

[5] Relative entropy convergence for depolarizing channels, Muller-Hermes et al, J. Math. Phys. (2016). 
[6] Limitations of noisy reversible computation, Aharonov et al, ArXiv (1996).

[5]

for any Pauli  and input state P ρ0

<latexit sha1_base64="s+Om1ixoEp2Hu31MsBLXIYZTW+I="></latexit>

|Tr(P�L(⇢0))|  exp(�⇥(L)),

Quantum computation possible only for  depth! [6] log(n)

≥ Ω(log n)
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 exp(�⇥(L)),

•  Thus, efficient classical simulation of all deep depolarizing-noisy circuits is “trivial”.   



[5] Relative entropy convergence for depolarizing channels, Muller-Hermes et al, J. Math. Phys. (2016). 
[6] Limitations of noisy reversible computation, Aharonov et al, ArXiv (1996).

However, for noises different from depolarizing, not all circuits become trivial after log-depth!

≥ Ω(log n)

• The depolarizing assumption, if true, enormously constrains noisy computation:

Depth L
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[5]

Quantum computation possible only for  depth! [6] log(n)
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 exp(�⇥(L)),

• Real hardware noise is not solely depolarizing (which is ‘unital’, i.e.,                )        
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N (I) = I

• Other noise components present (T1-error, amplitude damping, …) are non-unital.

[3] Quantum refrigerator, Ben-Or et al, QIP (2013). ‘Non-unital' noisy circuits can be made fault-tolerant, 
without fresh auxiliary qubits!

<latexit sha1_base64="U1P2PCbAdtEtyjaQIFL1MY80F6A="></latexit>
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But, what happens for generic noisy circuits? 

• Thus, if the noise is non-unital:  
one can carefully engineer the circuit to perform reliable quantum computation [3]


Depth L
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�L =

(If BQP BPP, Pauli expectation values of all non-unital noisy circuits cannot be efficiently estimated classically.)   ≠

U1

U2 Um

∼ Haar(U(4))

(Our work)

[3] Quantum refrigerator, Ben-Or et al, QIP (2013).



Only the last  layers matter to estimate expectation values, for most circuits.log(n)

What happens for generic noisy circuits? 

Intuition: the content of the first layers is forgotten, if nothing clever is done to remember!  



If the noise is depolarizing, no layers matter.

U2

U1

(Even for ALL circuits)



If the noise is non-unital, the last  do matter!O(log(n))
(for most circuits)



Effective shallow circuits

𝔼Φ[ |Tr(PΦ(ρ0)) − Tr(PΦ[L−k,L](ρ0)) | ] ≤ exp(−Ω(k)) .

This follows from the following more general theorem: 

kProposition.
For any initial state  (possibly complex) and observable ,ρ0 O

Φ =

L

Theorem.
For any  depth of the circuit , states , and Pauli , we have:k Φk ρ, σ P

<latexit sha1_base64="qpL+ZvMZYFABxvZfkGCjY3MbrF4="></latexit>

E�k [|Tr(P�k(⇢))� Tr(P�k(�))|]  exp(�⌦(k)).
<latexit sha1_base64="RHmFGwqzcgeJrVRJ2/6Ub9B4fm8="></latexit>

E�k [|Tr(P�k(⇢))� Tr(P�k(�))|]  exp(�⌦(k + |P |)).

Φ[L−k,L]

( )

<latexit sha1_base64="JcZAi9TqDs9GNb2+6zO+Sn1CsfI="></latexit>

E�

⇥��Tr (O�(⇢0))� Tr
�
O�[L�k,L](�0)

���⇤  kOk1 exp(�⌦(k)).

Any preferred initial state 
Target expectation value Last  layersk



• However, in certain ‘high noise’ regime, we can obtain it: 

Theorem.
For any  depth of the noisy -qubits circuit , states , we have:L ≥ Ω(n) n Φ ρ, σ

(Trace distance bound)

<latexit sha1_base64="ph+C3kZxfjFEO78rwcaLjihU3Kg="></latexit>

E�k�(⇢)� �(�)k1  exp(�⌦(L)).

• A general result like this, but without , cannot be obtained (e.g.) because of Ref. [3] 𝔼Φ

[3] Quantum refrigerator, Ben-Or et al, QIP (2013).

(which shows how to leverage non-unital noise to perform fault-tolerant quantum computation without fresh-auxiliary qubits.)

Theorem.
For any  depth of the (very) noisy -qubits circuit , states , we have:L ≥ Ω(log(n)) n Φ ρ, σ

   (High-noise worst-case, informal) 

<latexit sha1_base64="T27wXw/7Ms3aYVYFg/0bnTsl6GI="></latexit>

k�(⇢)� �(�)k1  exp(�⌦(L)).

Trace distance convergence



• Thus, this can be computed efficiently for light-cone arguments. 

X
⊗

Z

Classical simulation of noisy random circuits

Choosing  suffices to have:  
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Φ[L−k,L]

Φ =

L

k

Previous proposition. 
<latexit sha1_base64="RxMqV1Tm3sYGbFJCR4cyGWHg2+k="></latexit>

E�

⇥��Tr (P�(⇢0))� Tr
�
P�[L�k,L](|0nih0n|)

���⇤  exp(�⌦(k + |P |)).

• We have
<latexit sha1_base64="WE0z2xGMnIU/xrVkxZmnsyS+bo0="></latexit>

Tr
�
P�[L�k,L](|0nih0n|)

�
= Tr

�
�[L�k,L]

⇤(P )|0nih0n|
�

If  is local, then this is also local P

k k

O(k) qubitsComputational time (for 1D): 
<latexit sha1_base64="8AAuEca4O6yQBBnf6t/dKDIynlg="></latexit>

exp(O(k)) = poly("�1)
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Tr(P�(⇢0))Task: Estimate                         , with high probability over the choice of .    Φ

<latexit sha1_base64="1wflRJNR+6ZX/Eop2BOQoY9n8nQ=">AAACD3icbVC7TsNAEDzzJrwMlDQnIqSkILIRrwYpEg1UgERCpCRE62MJp5zP1t06UmSl4BP4Clqo6BAtn0DBv+CEFBCYajSzq92ZIFbSkud9OBOTU9Mzs3PzuYXFpeUVd3WtaqPECKyISEWmFoBFJTVWSJLCWmwQwkDhVdA5HvhXXTRWRvqSejE2Q2hreSsFUCa13I3O0VmhoaJ2odEFg7GVKtLX6bbfLxZbbt4reUPwv8QfkTwb4bzlfjZuIpGEqEkosLbuezE1UzAkhcJ+rpFYjEF0oI31jGoI0TbTYYg+30osUMRjNFwqPhTx50YKobW9MMgmQ6A7O+4NxP+8ekK3h81U6jgh1GJwiKTC4SErjMzaQX4jDRLB4HPkUnMBBojQSA5CZGKS1ZXL+vDH0/8l1Z2Sv1/au9jNl09HzcyxDbbJCsxnB6zMTtg5qzDB7tkje2LPzoPz4rw6b9+jE85oZ539gvP+BWszm9k=</latexit>

k = O(log("�1))

Solution: It suffices to output                                               .                          
<latexit sha1_base64="Ovkq3xfDkeWEL71VkHrqqJa7v1w="></latexit>

Tr
�
P�[L�k,L](|0nih0n|)
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Theorem.
Given a randomly sampled noisy quantum circuit, for any depth and any noise, there is a classical algorithm to estimate  
local Pauli expectation values up to  additive precision, with high probability over the choice of the circuit.
ε

 The runtime is , where  is the spatial dimension of the system.  exp(O(logD(ε−1))) D

•  Thus, for constant  precision, the algorithm is efficient for any dimensionality. ε

•  For , the algorithm is efficient for 1D architectures, and quasi-poly for . ε = poly(n−1) D > 1

•  For global Pauli expectation values, output zero succeeds with high probability.

Classical simulation of noisy random quantum circuits expectation values

(No dependence by the number of qubits and depth.)

•  We also give a condition to verify the success of the classical simulation: 
 “Check if the Heisenberg evolved observable is  proportional to the Identity”. ∼



• OPEN QUESTION FROM THIS WORK:  
Simulating Pauli expectation values of noisy random quantum circuits with  accuracy in 2D 
and all-to-all connectivity in polynomial time. 

poly(n−1)

• We solved this open question in:

• Using “Pauli-path truncation” algorithm. 



Um

Um−1Φ = U2

U1

μ

Barren plateaus
•Variational quantum algorithms encode the problem into min

U1,…,Um

Cost(ΦU1,…,Um
)



C := Tr(PΦ(ρ0))• Cost functions are made by Pauli expectation values:

• Do variations in the gate  influence  ? μ C
If , then the influence is very unlikely. Var[∂μC] ≤ exp(−Θ(n))

Um

Um−1Φ = U2

U1

μ

Relevant quantity is .∂μC

(a.k.a., the gate is not trainable)

Barren plateaus
•Variational quantum algorithms encode the problem into min

U1,…,Um

Cost(ΦU1,…,Um
)

• Barren plateaus (informal) iff for most choices of  the cost landscape is ‘flat’ 
(gradient norm very small).

U1, …, Um



 Noiseless [1]: Barren plateaus for depth .≥ Ω(n) Var[C] ≤ exp(−Θ(n)),

Same of before. Depolarizing noise [2]:

 Non-unital noise [This work]:

[1] Barren plateaus in quantum neural network training landscapes. McClean et al. Nature Comm. (2018).

[2] Noise-induced barren plateaus in variational quantum algorithms. Wang et al, Nature Comm. (2021). 

No Barren plateaus at any depth for local cost functions.
Var[C] = Ω(1),

Var[∂μC] ≤ exp(−Θ(n)) .

Um

Um−1Φ = U2

U1

μ C := Tr(PΦ(ρ0))
Cost function:

k

Var[∂μC] = exp(−Θ(k)) .

μ

Only the last  layers are trainable!Θ(log(n))

(All the gates are not-trainable)

Compare with: [3] Beyond unital noise in variational quantum algorithms: noise-induced barren plateaus and fixed points. Singkanipa et al., ArXiv. (2024).




Corollaries: - Local cost functions do not suffer from exponential concentration.  

(Lack of) Cost concentration

- Global cost functions suffer from exponential concentration. 

Theorem.
Let  be an Hamiltonian,  an initial state, for any depth of the non-unital noisy circuit , we have:H := ∑

P∈{I,X,Y,Z}⊗n∖I⊗n

aP P ρ0 Φ

VarΦ[Tr(HΦ(ρ0))] = ∑
P∈{I,X,Y,Z}⊗n∖I⊗n

a2
P exp(−Θ( |P | )),

𝔼Φ[Tr(HΦ(ρ0))] = 0,

where  is the Pauli weight.|P |

(For example, .)VarΦ[Tr(Z1Φ(ρ0))] = Ω(1)

(For example, .) VarΦ[Tr(Z⊗nΦ(ρ0))] = exp(−Θ(n))



Partial derivatives
Theorem.

Let , where  is a Pauli, at any depth and noise:C = Tr(Φ(ρ0)P) P

VarΦ[∂μC] ≤ exp(−Θ(k + |P | )),
𝔼Φ[∂μC] = 0

Um

Um−1Φ = U2

U1

μ

k

μ

• If  is global, then for any gate   P VarΦ[∂μC] = exp(−Θ(n)) .
Um

Um−1μ

k

Φ = U2

U1 μ

k
Corollary: .𝔼Φ[∥∇C∥2

2] = Ω(1)

• For the particular case of unital noise, our tools imply:

L

which improves upon [1].VarΦ[∂μC] ≤ exp(−Θ(L+ |P | )),

[1] Noise-induced barren plateaus in variational quantum algorithms. Wang et al, Nature Comm. (2021). 

• If  is local, then for any non-unital noise .P VarΦ[∂μC] ≥ exp(−Θ(k))



Proof ingredients

• 2-design properties (of the 2-qubits gates).

• ‘Normal form’ of noisy channels.

• Work in the Heisenberg picture.

Any 1-qubit channel is unitarily equivalent to a channel parametrized by:

<latexit sha1_base64="h2dUfpOlx3XrCYBId/9oFcNfBAs="></latexit>

Tr(P�(⇢0)) = Tr(�⇤(P )⇢0)
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N (I) = I + tXX + tY Y + tZZ
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N (Z) = DZZ
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N (X) = DXX
<latexit sha1_base64="6XlPFAfDJ6X8tNWTYBvNf9cMtNw=">AAACCXicbVDLSgNBEJz1GeMrKp68DAYhXsKu+LoIAT3oRSKYxJAsoXdsdcjsg5leISz5Ar/Cq568iVe/woP/4u6agxrrVFR109XlRUoasu0Pa2JyanpmtjBXnF9YXFouraw2TRhrgQ0RqlBfeWBQyQAbJEnhVaQRfE9hy+sfZ37rHrWRYXBJgwhdH24DeSMFUCr1SutdH+hOgErOh5X29hE/6bV5u1cq21U7Bx8nzoiU2Qj1Xumzex2K2MeAhAJjOo4dkZuAJikUDovd2GAEog+32ElpAD4aN8njD/lWbIBCHqHmUvFcxJ8bCfjGDHwvnczCmr9eJv7ndWK6OXQTGUQxYSCyQyQV5oeM0DLtBfm11EgEWXLkMuACNBChlhyESMU4LaqY9uH8/X6cNHeqzn5172K3XDsbNVNgG2yTVZjDDliNnbI6azDBEvbIntiz9WC9WK/W2/fohDXaWWO/YL1/AVlimQs=</latexit>

N (Y ) = DY Y

<latexit sha1_base64="g6wPbyz16zwoHuNLT/3/uO2rj+A=">AAACIXicbVDJSgNBEO1xN26jHr00BiFCDDPux4Ae9KZiNJrEoaetxMaehe4aIQz5Cj/Br/CqJ2/iTcR/sSfOQaMFBe+9qqKqnh9LodFx3q2h4ZHRsfGJycLU9MzsnD2/cKajRHGo8UhGqu4zDVKEUEOBEuqxAhb4Es79272sfn4HSosoPMVuDK2AdULRFpyhkTx7rbTv1cv73oXJy9UyLaGhaCgaSpsipM2A4Y3vpye9qw3PLjoVpx/0L3BzUCR5HHn2Z/M64kkAIXLJtG64ToytlCkUXEKv0Ew0xIzfsg40DAxZALqV9t/q0ZVEM4xoDIoKSfsi/JxIWaB1N/BNZ3ajHqxl4n+1RoLt3VYqwjhBCHm2CIWE/iLNlTB+Ab0WChBZdjlQYwNniiGCEpRxbsTEGFgwfriD3/8FZ+sVd7uydbxZrB7mzkyQJbJMSsQlO6RKDsgRqRFO7skjeSLP1oP1Yr1ab9+tQ1Y+s0h+hfXxBeqHoTE=</latexit>

(DX , DY , DZ), (tX , tY , tZ) 2 R3



Numerical experiments confirm our results for more structured circuits.
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Conclusions

Open questions
• Complexity of classical simulation of random quantum circuit sampling with non-unital noise [1].

• It is unlikely that noisy quantum circuits provide any quantum advantage.

Thanks a lot for your attention! 

[2] A polynomial-time classical algorithm for noisy random circuit sampling, Aharonov et al., STOC (2023)

(The depolarizing case was addressed in [2])

• Unless we carefully engineer the circuits to take advantage of the noise, it is unlikely that non-
unital noisy circuits are preferable over depolarizing noisy circuits

[1] Effect of non-unital noise on random circuit sampling, Fefferman et al, QIP (2023).

• Any amount of non-unital noise induces lack of Barren plateaus, but it ‘truncates’ most circuits to 
effectively log-depth, allowing efficient classical simulation in estimating Pauli expectation values.

arXiv:2403.13927. Noise-induced shallow circuits and absence of barren plateaus

(which are restricted to log depth).

• Assuming overly simplistic noise models could be misleading.


