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Abstract

These notes are written to guide the 1.5-hour blackboard lecture on quantum learning in
bosonic and fermionic systems that I will give at the EPFL workshop Quantum learning,
sensing and verification. We review the basic formulation of tomography for qudits, and then
discuss the same problem for bosonic and fermionic systems. We introduce Gaussian states,
reviewing their mathematical definitions and basic properties, and then discuss the problem
of Gaussian state tomography. Finally, we explore tomography beyond the Gaussian setting,
focusing on states with a small amount of magic, such as t-doped Gaussian states and their
analogues in the fermionic, bosonic, and Clifford/stabilizer settings.
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1 Bosonic and fermionic preliminaries

In this section, we recall the basic Hilbert-space and operator formalism for bosonic and fermionic
systems. The purpose is to make explicit the parallel between bosonic modes, fermionic modes
and qudits.

A qudit of local dimension d is described by the Hilbert space

Hy = span{|0), [1),...,|d — 1)}. (1)

A single bosonic mode can be regarded as the infinite-dimensional analogue of a qudit. Its
Hilbert space is

Hp = span{[0), |1),[2),...}. (2)

The vector |k) is called the k-particle Fock state. Hence, an n-mode bosonic system is described
by

Hpn =My = span{|ki, ... kn) : ki € N}. (3)
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Thus each bosonic mode can contain an arbitrary number of particles.
A single fermionic mode, instead, has only two possible occupation numbers. Its Hilbert
space is

Hr = span{|0), [1)}. (4)
For n fermionic modes, we write
Hp = span{|z1,...,2n) t 2; € {0,1}}. (5)
Therefore,
Hpn = (C2)*" (6)

as a Hilbert space.
For bosons, the annihilation and creation operators a; and a} act on the Fock basis as

ajlki, ..k k) = @|k1,...,kj—1,...,kn>, (7)
al ke, kg, k) = Sk Lk, 1 ) (8)
They satisfy the canonical commutation relations

lai,al] = 6T, [ai,a;] = [al,a]] = 0. (9)

The number operator of mode j is

Nj = a}L-CLj, (10)
and satisfies
Njlki, .. k) =kjlki, ... k). (11)

For fermions, it is useful to give an explicit representation of the creation and annihilation
operators on qubits. This is provided by the Jordan—Wigner transformation. Let

ot =0, e =10}, Z=10) (0 - 1) 1]. (12)
The fermionic annihilation and creation operators are represented as
fi=21 Zio;,  fl=7Z1Zjio) (13)
Equivalently, on the occupation-number basis,
Filan @y ) = (= 1)< P 2y, 0, @) (14)
fHan g, an) = (12" (1 =) 21, 1) (15)

The string Z; - -- Z;_1 is responsible for the correct fermionic signs. The operators satisfy the
canonical anti-commutation relations

Yy =051, Afufiy =1 1y =0 (16)

In particular,

=0, (fHr=o0. (17)



This is the algebraic form of the Pauli exclusion principle: a fermionic mode cannot be occupied
by more than one particle. The fermionic number operator is

n; = 15, (18)
and satisfies
njley, ..., Tn) =xj|T1,...,2n) . (19)

For bosonic systems, it is often convenient to pass from creation and annihilation operators
to quadrature operators. For each mode j, define

T T
a;j +a; aj —a;
J 2 pj 2 (20)
Equivalently,
T+ 1p; T; —ip;
a;j = W af = W (21)
Collecting all quadratures into the vector
R: (x17p17"‘7xn7pn)T7 (22)
the canonical commutation relations take the form
. [0 1
[Rk, Rg] = ZQMI, Q= @ 1 0]} (23)
j=1

For fermionic systems, the corresponding self-adjoint operators are the Majorana operators.
For each mode j, define

yojer=Fi+ £ v =—ilf — fD). (24)

They satisfy

’YL = Y {vsw} =261 (25)

Thus bosonic systems are naturally described by quadratures satisfying commutation rela-
tions, whereas fermionic systems are naturally described by Majorana operators satisfying
anti-commutation relations.

2 Quantum state tomography

We now recall the standard formulation of quantum state tomography. Let H be a D-dimensional
Hilbert space, and let D(H) denote the set of density operators on H. A tomography problem is
specified by a subset

S C D(H), (26)

which represents the prior information on the unknown state.
The learner is given N copies of an unknown state p € §, namely the joint state

=N (27)

A tomography protocol performs a measurement on p@% | followed by classical post-processing,
and outputs a classical description of an estimate p. Unless stated otherwise, the measurement
is allowed to be collective across the N copies.



Bosons

Fermions

One mode is the infinite-dimensional ana-
logue of a qudit.

One mode is the occupation-number ana-
logue of a qubit.

HB,n = span{|ki,..., k,) : k; € N}

Hr = span{|z1,...,xn) 1 2; € {0,1}}.

FEach mode has arbitrary occupation num-
ber.

Each mode has occupation number 0 or 1.

Creation and annihilation operators satisfy
commutation relations.

Creation and annihilation operators satisfy
anti-commutation relations.

Canonical variables: quadratures z;, p;.

Canonical variables: Majorana operators
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Table 1: Basic dictionary between bosonic and fermionic modes.

Definition 2.1 (Quantum state tomography of a class of states). Let £,5 € (0,1). A tomography
protocol learns the class S with accuracy ¢ and failure probability ¢ if, for every p € S, its
output p satisfies

1
Pr|3l- ol << =18 (28)

The probability is taken over the measurement outcome and over any internal randomness of
the protocol.

Definition 2.2 (Sample complexity). The sample complexity of tomography for the class S,

denoted by
Ntom(sv &, 6)7 (29)

is the smallest integer N for which there exists a tomography protocol using p®~ that learns S
with accuracy ¢ and failure probability 6. When ¢ is fixed to a constant, we write

Ntom(sae) (30)
and suppress the dependence on 4.

The optimal sample complexity is known for general finite-dimensional state tomography.
Let

Smixed(D) = D((CD) (31)
be the class of all mixed states on a D-dimensional Hilbert space. Then
D2
Ntom(Smixed(D)7€) =0 572 . (32)
On the other hand, let
Spure(D) = {|¥){(¥] : [v) € CP, v, =1} (33)
be the class of pure states. Then
D
Neom(Spure(D),£) = © (62) . (34)



These bounds are due to O’Donnell and Wright [1] and Haah, Harrow, Ji, Wu, and Yu [2].
(Recently it was also shown a simple-to-prove algorithm for mixed-state tomography as well [3]
based on the so-called random purification channel, which shows how mixed-state tomography
reduces to pure-state tomography. This will have applications also for bosonic and fermionic
Gaussian state learning due to its general group-theoretic working principle.)

As a consequence, full tomography of arbitrary n-qubit states is exponentially expensive
in n. Indeed, in this case D = 2™ and therefore tomography of general mixed states requires
S (i—;) copies.

The same conclusion applies to arbitrary n-modes fermionic states, since they have an Hilbert
space isomorphic to that of n qubits.

2.1 Quantum state tomography in continuous-variable systems

We now discuss quantum state tomography for continuous-variable systems. In the bosonic
setting, an n-mode system is described by the infinite-dimensional Hilbert space

HB,n =span{|ki,... ky) : k; € N}. (35)

Thus, in contrast to an n-qubit system, there is no finite local dimension. Consequently, without
any further restriction on the class of states, tomography is impossible: no finite number of
copies can suffice to learn an arbitrary state in D(Hp ) to fixed trace-distance accuracy.

The physically relevant way to make the problem meaningful is to impose an energy constraint.
Let

N n
= Z a;r-aj (36)
j=1

be the total number operator. On the Fock basis,

Nk, ... kn Zk ki, ..o k). (37)

For E > 0, define the class of n-mode pure states with mean photon number at most E per
mode as

S (n, B) = {|4) (W] : [0) € Hpn, 0], =1, Tr[lw){o| K] <nE2}. (38)

Theorem 2.3 (Tomography of energy-constrained pure CV states [4]). For the class St (n, E),
the sample complexity of tomography in trace distance satisfies

ure ~ (E"
Niom (S (1,),2) =6 (55 ). (39)
Proof sketch. We first provide a proof sketch of the upper bound. The idea is that the energy
constraint allows us to truncate the infinite-dimensional Hilbert space effectively to a finite-
dimensional subspace. For K € N, let Il<x := > 4 1p <k |K1,-- -, kn){(k1,..., kn| be the

projector onto the subspace with total photon number at most K. Its dimension is Dg :=
Trll<k] = (”‘;K) If p satisfies Tr {pN} < nE, then Markov’s inequality gives Tr[(I — II<x)p] <

Tr{p]ﬂ/K < nE/K. Thus, choosing K ~ nE/e?, we get Tr[ll<gp] > 1 — O(¢?). By the
gentle measurement lemma, the normalized truncation p<g := <k pll< i/ Tr[II< g p] satisfies
3llp — p<kll; < O(e). Hence, up to trace-distance error O(g), every energy-constrained state



is supported on a subspace of dimension Dy = (”ZK) KOM = O(E™/e2"). Applying the
finite-dimensional pure-state tomography upper bound on this effective subspace gives

ETL
Ntom (Spure(n7 E) ) < O (5271)

We now sketch the lower bound. The idea is to embed a large finite-dimensional pure-state
tomography problem inside the energy-constrained Hilbert space. Let K be a cutoff and define
HS, := Ran(ll<x) N (|0)®™)L. Tts dimension is dg := dim HS = (”;K) —1=0(K"). Choose a
packing U C H, of unit vectors with log || = Q(dx) and with pairwise overlaps bounded away
from one. For every u € U, define

[Yu) = V1= a|0)®" + Valu),

where o ~ £°. These states satisfy the energy constraint: since |u) € Ran(Il<x), we have
<u|N|u> < K, and since |u) L |0)®", the cross terms vanish. Therefore <¢U|N|¢u> =
a(u|N|u) < aK. Choosing K ~ nE/a, with suitable constants, gives (1| N |[1by) < nkE,
so all these states belong to Sy, “(n, E).
The states are also separated in trace distance. Indeed, for u # v, (Yu|thy) =1 — a + a (u|v).
Since the vectors in U have overlaps bounded away from one,

2

%H\%Mwu\ = [o) (@ollly = /1= [{ulth) P = eV

Taking o ~ ¢2, the states are separated by trace distance of order e. Hence any tomography
protocol with error O(e) must distinguish a packing of size [U/|. The Holevo-Fano lower bound
gives N > Q(dg). Since K ~ nE/e2, we get dg = O(K™) = O(E™/e2"), and therefore

Niom (S2¢(n, E), ) > O (;) .

Combining the upper and lower bounds proves the claim. ]

The theorem shows that the energy constraint makes continuous-variable tomography possible,
but still extremely inefficient in general. Even for pure states and constant energy per mode,
the copy complexity scales exponentially in the number of modes and has the characteristic
£72" dependence on the trace-distance error. This is in sharp contrast with finite-dimensional
pure-state tomography, where the dependence on the trace-distance error is only 2.

2.2 Preliminaries: Bosonic and fermionic Gaussian states

We now introduce bosonic and fermionic Gaussian states. In both settings, Gaussian states are
associated with quadratic Hamiltonians and are completely specified by their so-called covariance
matrices. Throughout this subsection we restrict to the zero-first-moment setting.

Let R = (21,p1,...,Zn,pn)’ be the bosonic quadrature vector, satisfying

[Rj, Ry] = i€ 1. (40)

A mixed bosonic Gaussian state is a state of the form

o—H
_ 41
P= T’ (41)
where H is quadratic in the quadrature operators. Such a Hamiltonian can be written as
1
H= 5RTAR (42)



Bosons Fermions

R=(z1,p1,.xn,pn)T,  [Rj, Ri] = Qi1 oo Yoms e} = 2050

Vik(p) = Tr[p{R;, Ry }] Ljr(p) = =5 Trlplyj, ]

V(0)(01°") = Fa r(10)(0”") = D)y (_01 ;)

ULRUs = SR, SQST =Q UbyiUo = 33 Ok, O € SO(2n)

V(UspUL) = SV (p)S™ T(UopU) = OT(p)O”

Vip)=S (@?:1 yjlg) ST v>1 I'(p) = O (@?_1 (_(; /t;)) or, o0 €
y

O(Zn), 0 S )\j S 1

Table 2: Basic dictionary for bosonic and fermionic Gaussian states.

for a suitable real symmetric matrix A.
Similarly, let 1, ..., y2, be the Majorana operators of an n-mode fermionic system, satisfying

{vjs e} = 2051 (43)

A mixed fermionic Gaussian state is a state of the form

G_H
pP= W, (44)
where H is quadratic in the Majorana operators. Equivalently,
; 2n
H=7 > hikvives (45)

k=1

where h € R?"*?" ig real and antisymmetric.

Gaussian unitaries are defined analogously as unitaries generated by quadratic Hamiltonians.
In the bosonic case, a Gaussian unitary is specified by a symplectic matrix S, satisfying
SQST = Q. The corresponding unitary Ug acts on quadratures as

ULRUs = SR. (46)
Equivalently, component-wise,
2n
ULR;Us =Y SRy, (47)
k=1

In the fermionic case, a Gaussian unitary is specified by an orthogonal matrix O € O(2n). The
corresponding unitary Up acts on Majorana operators as

2n
Ub~iUo = > Oji- (48)
k=1

Pure Gaussian states are obtained by applying Gaussian unitaries to the vacuum. Thus, in
the bosonic case,

) = Us [0)*" (49)



while in the fermionic case,
[¥) = Uo [0)°". (50)

These are also called states prepared by matchgate circuits or fermionic linear optics.
We now define the covariance matrices. For a possibly non-Gaussian bosonic state p with
zero first moment, the covariance matrix is the real symmetric matrix

Vi) = Tr [o{ Ry, Rill, ok € [2n]. (51)
It satisfies the uncertainty relation
Vip) +iQ2 > 0. (52)
The bosonic vacuum has covariance matrix

v (10)(01°") = Ion. (53)

Moreover, if p/ = USpU;, then one can verify that
V(') = SV (p)sT. (54)

If p is bosonic Gaussian with zero first moment, then V' (p) uniquely specifies the state.
For a possibly non-Gaussian fermionic state p, the covariance matrix is the real antisymmetric
matrix

D) = —2 Telolywll, gk e 2] (55)

It satisfies

The fermionic vacuum has covariance matrix
n [0 1
T (J0)(01*") = €D (_ ) . (57)
\ 10
J=1
Moreover, if p/ = UopUg, then
r(p') = Or(p)O". (58)

If p is fermionic Gaussian, then I'(p) uniquely specifies the state.
We now recall two standard matrix normal forms. First, Williamson’s theorem says that
every real positive definite matrix V = V7T > 0 can be written as

V=S (é Vj[g) ST, (59)
j=1

where S is symplectic and v; > 0. The numbers v; are the symplectic eigenvalues. If V' is a
bosonic covariance matrix, then the uncertainty relation implies v; > 1.
Second, every real antisymmetric matrix A = —A” admits the skew-normal form

A=0 (é (_(’Aj %ﬂ)) or, (60)



where O € O(2n) and A\; > 0. If A =T is a fermionic covariance matrix, then 0 < A; < 1.
We now apply these normal forms to Gaussian states. In the bosonic case, Williamson’s
theorem implies that every valid covariance matrix can be written as

V=S5 (é uj12> ST, (61)
j=1

where S is symplectic and v; > 1. Hence every zero-mean bosonic Gaussian state can be written
as

p:US<Tl/1—1®"'®TVnQ—1>Ug’) (62)
2

where 7, is the one-mode thermal state with mean photon number p:

1 & wo\*
mzwlkg(uﬂ) )R] (63)
The state is pure if and only if v = --- =y, = 1. A pure bosonic Gaussian covariance matrix
has the form
vV =857 (64)

for some symplectic matrix S.
The symplectic matrix S admits an Euler decomposition

S = 0,20, (65)

where O and O; are orthogonal symplectic matrices and

-1
- zo 0 > 1
Z ( 0 =) zj > 1. (66)

n

7j=1

The squeezing of S is defined as

ISl = 1]l = mac 2. (67)

If Z = I, then the squeezing is equal to 1. In this case S is both symplectic and orthogonal.
The group

Sp(2n,R) N O(2n) (68)

is compact and is isomorphic to U(n). The corresponding bosonic Gaussian unitaries are so-called
"particle-number preserving" and are called passive Gaussian unitaries.
In the fermionic case, every covariance matrix admits the normal form

r=0 (]@1 (_OAj %ﬂ)) o7, (69)

where O € O(2n) and 0 < A\; < 1. The corresponding fermionic Gaussian state is

p=Uo(pr, ® - @ pr,) U, (70)
where
1+ A 1—A
pr = 22 10){0] + T 1)(al. (71)



A fermionic Gaussian state is pure if and only if Ay =--- = A\, = 1. Equivalently, a fermionic
Gaussian state is pure if and only if

?=—I. (72)
In the general bosonic case, a Gaussian unitary also includes a displacement. It has the form
Grs=DUs,  Dp=e O, (73)

where 7 € R?™. It acts on the quadrature operators as

2n
Gl 4RiGrs =" SjpRi+m;I,  j€[2n]. (74)
k=1
Equivalently,
Gl 4RGys=SR+rl. (75)

In these notes we mostly suppress r, since we restrict to the zero-first-moment setting.

Thus, in the zero-first-moment setting, Gaussian state tomography reduces to learning a
covariance matrix: V for bosons and I' for fermions. In the general bosonic case one must also
learn the displacement vector. This is the basic reason why Gaussian state tomography can be
efficient, in contrast with tomography of arbitrary bosonic or fermionic states.

2.3 Trace-distance bounds and Gaussian state tomography

Gaussian states are specified by their covariance matrices. For tomography, however, one needs a
quantitative stability statement: if two covariance matrices are e-close, how does this covariance
error propagate to the trace norm ||-||; between the corresponding Gaussian states?

Let pr and pr denote fermionic Gaussian states with Majorana covariance matrices I' and
I'. For pure fermionic Gaussian states [5], one has

1
lor = prelly < §HF_F,H2' (76)
For mixed fermionic Gaussian states, one has
1 /
T —PIVll1 =~ 5 — 1
lor = prvlly < ST =T (77)

Let py and pw denote the zero-mean bosonic Gaussian states with covariance matrices V
and W. For pure bosonic Gaussian states [6], one has

lov — pwll, =0 (Jv=72(v = wyw=72] ). (79)
For mixed bosonic Gaussian states [7], one has

lov = pwlly =0 (Te [(VH W) v =), (79)
where |A| = (AT A)1/2.

2.4 Tomography of Gaussian states

The trace-distance bounds above have a direct algorithmic consequence. To learn a Gaussian
state in trace distance, it is enough to estimate its covariance matrix in the appropriate norm
and then output the Gaussian state with the estimated covariance matrix.

10



Setting Trace-norm bound

Bosonic pure Gaussian states [6]  ||pv — pw ]|, = O(HV*l/Z(V _ W)W*1/2||2)

Bosonic mixed Gaussian states [|pv — pw |, = O(Te[(V™L + W 1|V — W[])
(8]

Fermionic pure Gaussian states ||pr — pr|l, < 3T —T"|,
[5]

Fermionic mixed Gaussian |lpr — prv|; < 3|7 —TV||;
states [5]

Table 3: Trace-norm bounds for Gaussian states in terms of covariance matrices.

2.4.1 Learning fermionic Gaussian states

We first discuss fermionic Gaussian states. For pure fermionic Gaussian states, the bound
lor — prvll; < 3| —T"||, shows that trace-distance tomography reduces to estimating the
covariance matrix in Frobenius norm. The currently standard sample- and time-efficient way
to do this covariance estimation is: one partitions the Majorana two-point observables into
commuting families and measures them jointly, or equivalently uses matchgate-shadow-type
measurements [9]. This gives N = O(n?/e?) copies for learning pure fermionic Gaussian states
in trace distance [5].

This scaling is not information-theoretically optimal. The pure fermionic Gaussian manifold
has O(n?) real parameters, and one can prove the lower bound N = Q(n?/s?). Moreover,
this lower bound is achievable by statistically optimal but less practical procedures. For pure
fermionic Gaussian states, covariant multi-copy measurements over the Gaussian manifold achieve
N = O(n?/e?) copies [10]. One can also obtain an optimal information-theoretic procedure by
using global Clifford classical-shadow measurements [11] and then optimizing over a covering
net of pure Gaussian states.

For (general) mixed fermionic Gaussian states, the trace-distance bound is ||pr — pr/||; <
3IT = T’||;. Using the norm conversion |I' — I'||; < v2n|l —I”||,, it is enough to estimate
I’ in Frobenius norm to accuracy O(e/y/n). Plugging this into the covariance-estimation
algorithm gives N = O(n*/e?) copies [5]. At the information-theoretic but experimentally and
computationally challening level, however, the fermionic analogue of the random purification
channel reduces mixed fermionic Gaussian tomography to pure fermionic Gaussian tomography;,
giving the optimal scaling N = ©(n?/2) also for mixed fermionic Gaussian states [10].

Thus, for fermions, covariance estimation gives the current practical algorithms: O(n3/e?)
for pure states and O(n*/e?) for mixed states. The statistically optimal scaling is ©(n?/e?), but
whether is possible obtaining this scaling with a time-efficient and practical (e.g., single-copy)
algorithm remains open.

2.4.2 Learning bosonic Gaussian states

The bosonic case can seem more subtle. In contrast to fermions, the Hilbert space is infinite-
dimensional, so a priori one expects the sample complexity to depend on an energy bound
E.

For Gaussian states, however, the relative form of the trace-distance bounds shown above
suggests that this energy dependence should not be fundamental. The relevant error is not

an absolute covariance error such as HV — V|, but a relative covariance error adapted to the

scale of the state. This intuition is made precise in Ref. [8]. There, it is shown that general
bosonic Gaussian states can be learned with only a doubly logarithmic dependence on the energy.

11



Specifically, the sample complexity is
N=0|—=5 +nloglogE£| . (80)
€

The algorithm is based on Gaussian measurements and "an adaptive unsqueezing procedure":
one first obtains a rough estimate of the covariance matrix, uses it to approximately "undo the
squeezing" of the unknown state, and then repeats the procedure on a better-conditioned state.
In this way, highly squeezed directions are progressively brought to a regime where standard
covariance estimation is efficient.

For pure bosonic Gaussian states, the optimal scaling is

2
N-6 (“2) | (s1)

This can be obtained by combining the energy-independent tomography approach of Ref. [8]
with the pure-state tomography results of Ref. [6]. Thus pure bosonic Gaussian states can be
learned sample-optimally in a practical manner using single-copy Gaussian measurements. For
general mixed bosonic Gaussian states, the best efficient upper bound is currently

/3
N=0 <Z2 —i—nloglogE) . (82)

Moreover, the n3/e? scaling is optimal among Gaussian protocols [6]. Whether arbitrary, possibly
non-Gaussian, measurements can improve this to the information-theoretic scaling Q(n?/e?) for
general mixed bosonic Gaussian states remains open.

2.4.3 Effectively energy-independent Gaussian state tomography

Let us explain the mechanism behind the almost energy-independent scaling. The starting point
is the trace-distance bound [§]

lov el =0 (x [+ 71y 7). 5

This says that the right notion of covariance error is relative error estimation. Ideally, one would
like an estimate V' such that

’XA/ - V‘ <nV. (84)
Indeed, in that case one gets
T [V = V] < g Te[VY] = 2nm, (85)

Thus a relative covariance estimate with n = O(e/n) is enough to control the trace distance,
independently of the energy or squeezing.

This is exactly what happens in classical covariance estimation. If one had direct samples
from the underlying classical Gaussian probability distribution A(0, V)

X17-'~7XNNN(07V)7 (86)

then empirical covariance estimation naturally gives relative control of V', with no dependence on
the condition number (minimum eigenvalue) of V. The problem is that, in the quantum setting,
standard measurements do not directly give samples directly from A/(0, V'), but something close

12



to it. For example, heterodyne measurement on a zero-mean Gaussian state with covariance V'
gives samples from

V+1I
X~N (0, ;) . (87)
Thus the measured covariance is
V41
S=-0 (33)
2
(the identity term corresponds to the so-called vacuum noise added by the measurement).
So from heterodyne data we can estimate 3 in relative error:
-3 <. (89)
If we set V =23 — I, then
V—V|=21Z -3 <22 =n(V + I). (90)
Plugging this into the relative trace-distance expression gives the schematic bound
T [V = V| ST [VEHV 4 1) (91)
=n(2n+Tx[V]). (92)

The bad term is Tr [V‘l}. For a highly squeezed pure Gaussian state, V = SST, and if

S=0 (" (z-1 o))
= U1 @ '6 5 027 (93)
j=1 7

then the eigenvalues of V' contain zj_2 and z]z. Hence

HV_1H = max 2]2-, Tr [V_l} < 2nmax z]2 (94)
00 J J

This is where the squeezing, and therefore the energy dependence, enters the naive heterodyne
approach.

The adaptive idea is close in spirit to what one often does in quantum metrology or
Hamiltonian learning: first learn a rough approximation, and then use this rough information
to choose a better measurement. The first estimate does not need to be accurate enough for
tomography. Its role is only to identify the large squeezing directions approximately. One then
changes coordinates accordingly, learns again in the new coordinates, and repeats. Schematically,
the idea is

rough estimate — partial unsqueezing — better conditioned state — rough estimate again.
(95)

After a few rounds, the unknown state has been transformed to a regime where ordinary
covariance estimation is well conditioned. Only at the final stage we spend the samples needed
for the target accuracy e.

Let us make this more concrete. A heterodyne measurement on a zero-mean Gaussian state
with covariance V produces a classical Gaussian outcome with covariance

_V+I
=—

> (96)

13



The extra I is the vacuum noise added by performing the standard Gaussian "heterodyne"
measurement. More generally, one can perform a Gaussian measurement in which the vacuum
reference state is replaced by an auxiliary Gaussian state with covariance M. In this case the
classical outcome has covariance

V+M
VS . (97)
2
Thus M is the covariance of the auxiliary Gaussian state used in the measurement. It controls
the noise scale added by the measurement.

The ideal situation would be to choose M comparable to the unknown covariance V. Indeed,

if
cV=M=<CV (98)
for universal constants ¢, C' > 0, then
1 1+C
;CVjEMj%V. (99)

In this case, a relative estimate of Xj; gives a relative estimate of V. For example, if

‘EM — ZM‘ =nXmM, (100)
and if we output
V=2Sy—-M, (101)
then
V—V|=2Su -3y (102)
< 2% (103)
< (1+C)yV. (104)

So the covariance error is relative to V', and no squeezing-dependent factor appears.

Of course, V is unknown, so one cannot choose M ~ V at the beginning. The protocol
therefore bootstraps. It first obtains a crude estimate Y70. From this estimate one extracts an
approximate squeezing transformation Sy from its Williamson decomposition, and then applies
an approximate inverse squeezing S, ! In the new coordinates, the effective covariance matrix is

Vi=Stvsy T (105)

If Sy captures the large squeezing directions even roughly, then V; is better conditioned than V.
We then repeat the same idea: estimate V; roughly, partially unsqueeze again, and obtain an
even better conditioned covariance matrix V5. Thus the protocol produces a sequence

Vi WVir—Vor— . — V1, (106)
where the effective squeezing decreases at each stage. After
L = O(loglog E) (107)

rounds, the covariance matrix is sufficiently well conditioned, and a final covariance-estimation
step gives the desired trace-distance guarantee.

In summary, the protocol is a bootstrap: learn roughly, rotate and unsqueeze a bit, learn
roughly again, and only at the end estimate with the final precision.

Operationally, this can be implemented with standard Gaussian experimentally available
tools like passive linear optics and homodyne detection [8].
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2.5 Tomography of t-doped bosonic/fermionic Gaussian states and stabilizer
states

Gaussian states are efficiently learnable because they have a compact description. The next
question is what happens if the state is not exactly Gaussian, but differs from a Gaussian state
by a small number of non-Gaussian gates. This is the t-doped setting [4, 12-15].

Definition 2.4 (t-doped Gaussian unitary). Fix a class of Gaussian unitaries and a class of
non-Gaussian gates, called magic gates. A unitary Uy is t-doped Gaussian if it can be written as

Uy =G W, - G1W1Gy, (108)
where Gy, ...,G; are Gaussian unitaries and W7, ..., W; are magic gates. A t-doped Gaussian
state is a state of the form

) = U [0)*". (109)

The meaning of the magic gates depends on the model. In the bosonic setting, Gaussian
unitaries are generated by Hamiltonians at most quadratic in the quadratures, while the magic
gates are local non-Gaussian unitaries. In the simplest version, these are single-mode non-
Gaussian gates, for instance gates generated by polynomial Hamiltonians of degree larger
than two. In the fermionic setting, Gaussian unitaries are generated by quadratic Majorana
Hamiltonians, while the magic gates are k-local Majorana gates. A typical fermionic magic gate
has the form

W = exp (1'9'7;11""}’%)7 (110)

where pi1,..., s € [2n]. In most physical examples one has k = 4, namely quartic Majorana
interactions. Thus a (¢, x)-doped fermionic Gaussian state is obtained from arbitrary fermionic
Gaussian dynamics and at most ¢t k-local non-Gaussian Majorana gates.

There is also a completely analogous stabilizer version. One replaces Gaussian unitaries by
Clifford unitaries, and the magic gates are non-Clifford gates, such as T-gates [13-15]. Thus the
three models are

bosonic Gaussian circuits + ¢ local non-Gaussian gates, (111)
fermionic Gaussian circuits + ¢ local Majorana gates, (112)

and
Clifford circuits + ¢ non-Clifford gates. (113)

The reason these classes remain efficiently learnable for low ¢ is a magic-compression theorem:
all the non-Gaussian or non-Clifford part can be moved to a small subsystem.

For bosons with single-mode non-Gaussian gates, every t-doped Gaussian state can be written
as

[¥) = G (ugt ® In—a¢) [0)*", (114)

where G is a bosonic Gaussian unitary and wg; is an arbitrary unitary acting only on 2¢ modes.
Equivalently,

) =G (j¢) @ [0)°" %), (115)

where |¢) is a non-Gaussian 2t-mode state. Thus the non-Gaussianity is confined to 2t effective
modes after a Gaussian change of basis [4].

15



Non-Gaussianity compression

t-doped circuit = matchgates + ¢ magic gates t-compressible
[0) — [0) —
10) :.: :.: — 10) —
10)- - 10) 0w L
|10 — __ 10 —
‘¢> — | |G| : |Gi] ..... G-y G, - G
21107 — [0) ———— —
10) — [0) —————— —
[0) — [0) ————— —

Figure 1: Schematic picture of t-doped Gaussian (or Clifford) circuit, and magic-compression for
t-doped states. The non-Gaussian or non-Clifford part can be moved to a small subsystem after
a Gaussian or Clifford change of basis. The tomography algorithm must first learn to decode this
Gaussian or Clifford change of basis, then undoing it, and at the end perform state-tomography
only on the small O(t)-subsystem.

For fermions, the analogous statement is that every (¢, x)-doped fermionic Gaussian state
can be written as

W) =G (o) @ 0)*" ™), m=0(x), (116)

where G is a fermionic Gaussian unitary and |¢) is an arbitrary state on m fermionic modes.

For stabilizer states with ¢ non-Clifford gates, the same form holds with the Gaussian G
replaced by Clifford C.

The learning algorithm follows from this compression form. First, learn the "compressing"
Gaussian G or Clifford C. For bosonic and fermionic Gaussian states this is done by covariance
estimation followed by classical post-processing: one estimates the covariance matrix and extracts
(via Williamson or normal form decomposition) the Gaussian change of basis which isolates
the non-Gaussian subsystem. For stabilizer states, the analogous step is to learn the Clifford
frame, for instance by Bell sampling or random Clifford measurements. Second, undo the learned
Gaussian or Clifford unitary. After this step, the state is supported on a small subsystem of size
m = O(t), tensored with vacuum or stabilizer degrees of freedom. One then performs ordinary
tomography only on this small subsystem.

Therefore the cost is polynomial in n and exponential only in the amount of magic. In
the fermionic case, for fixed k, the trace-distance tomography algorithm has sample and time
complexity

1
poly (n 2t ) . (117)
(3

Thus the algorithm is efficient whenever ¢ = O(logn), and this is tight: beyond this number
t = w(logn) of magic-gates, any tomography algorithm must be time-inefficient up to common
crypto-assumptions [12]. Similar scaling holds in the bosonic and Clifford settings as well
[4, 13-15].
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