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Introduction
The Clifford group is central in quantum information:

• Quantum Error Correction – stabilizer codes, fault-tolerance.

• Classical simulation – Gottesman–Knill theorem.

• Random Clifford circuits = “nice randomness”  
(3-designs, benchmarking, tomography)



Preliminaries

• Clifford group:

• Pauli basis: 
<latexit sha1_base64="DbpHWEiCgMCbeIvLEgJyg32HjiE="></latexit>

Pn := {I,X, Y, Z}⌦n

• Commutant of the Clifford group:

Our work provides a complete characterization of such set.

<latexit sha1_base64="7V56LLyL3kbjX8L76UoKEU7N3gM="></latexit>

Com(Cln, k) =
�
O 2 L(H⌦k) : C

†⌦k
OC

⌦k = O, 8C 2 Cln
 
.

<latexit sha1_base64="c2m78kWlP0JeaverXxZoISljlU4=">AAACIHicbVDJSgNBEO1xN25Rj14ag+BBwoy4IQSCXjwqmAWSGGp6Sm3S0zN21wgy5Cf8BL/Cq568iUcF/8WZJAe3d3r1XhVV9fxYSUuu++6MjU9MTk3PzBbm5hcWl4rLK3UbJUZgTUQqMk0fLCqpsUaSFDZjgxD6Cht+7zj3G7dorIz0Od3F2AnhSstLKYAyqVvcCvhhhW9f6C3evrlJIODtEOhagEpP+rwyrHw/Pe5fBOVuseSW3QH4X+KNSImNcNotfraDSCQhahIKrG15bkydFAxJobBfaCcWYxA9uMJWRjWEaDvp4Ks+30gsUMRjNFwqPhDx+0QKobV3oZ915kfa314u/ue1Ero86KRSxwmhFvkikgoHi6wwMosLeSANEkF+OXKpuQADRGgkByEyMcnyK2R5eL+//0vq22Vvr7x7tlOqHo2SmWFrbJ1tMo/tsyo7YaesxgS7Z4/siT07D86L8+q8DVvHnNHMKvsB5+ML7bWh1w==</latexit>

d := 2n, H = Cd.

<latexit sha1_base64="GSI35HFLfdokYXfPwUzChmmys1A="></latexit>

Cln :=
�
C 2 U(2n) : CPC† 2 Pn, 8P 2 Pn

 
.



• Twirling over a group = projection onto its commutant

Preliminaries

• Useful for computing average quantities, and rigorous guarantees in randomized protocols.

• The twirling channel over a set  (such as ) is defined as:G ⊆ U(2n) G = Cln
<latexit sha1_base64="/Q7ElCDm7hlZzgEsgEus7xWdbeI="></latexit>

�(k)
G (·) = 1

|G|
X

C2G

C⌦k(·)C†⌦k.

<latexit sha1_base64="57Om8rGU2oKMajDDFhMJwgQv9PY="></latexit>

Com(G, k) =
�
O 2 L(H⌦k) : U

†⌦k
OU

⌦k = O, 8U 2 G
 
.



Unitary group commutant
• The commutant of the unitary group is given by: 

• Permutation operators:

• A distribution over  is a -design iff:G k

Permutation groupPermutation operators

• If  is a subgroup of , then  is a -design if and only if: G U(2n) G k

<latexit sha1_base64="j5JjNpiipPltb1oyIpeHTOPOr6s="></latexit>

�(k)
G (·) = �(k)

U(2n)(·)

<latexit sha1_base64="tzxGdLLUsKLAJfjw8kv3rmUy9Go="></latexit>

V⇡ =
2nX

i1,...,ik=1

|i⇡�1(1), . . . , i⇡�1(k)ihi1, · · · , ik|.

<latexit sha1_base64="Rv/ZE6kD/Ty8uCsmFGu4qHMeRSk="></latexit>

Com(U(2n), k) = Span(V⇡ : ⇡ 2 Sk)

<latexit sha1_base64="phJR3LCQxb9C9NOqnYQA7flp4Js=">AAACK3icbVDLSgNBEJyNrxhfqx69DAYhAQm7wddFCHrQo4JRIYlhdtKJQ2Zml5leQZZ8ip/gV3jVkydFj/6HuzGCUftUXVVNd1cQSWHR816c3MTk1PRMfrYwN7+wuOQur5zbMDYc6jyUobkMmAUpNNRRoITLyABTgYSLoH+Y6Rc3YKwI9RneRtBSrKdFV3CGKdV2d5uK4bVRyWGoBqWjzX6Z7o9R3019UKpe6XJmKFBK227Rq3jDon+BPwJFMqqTtvve7IQ8VqCRS2Ztw/cibCXMoOASBoVmbCFivM960EihZgpsKxk+OKAbsWUY0ggMFZIOSfg5kTBl7a0KUmd2rv2tZeR/WiPG7l4rETqKETTPFqGQMFxkuRFpckA7wgAiyy4HKjTlzDBEMIIyzlMyTqMspHn4v7//C86rFX+nsn26VawdjJLJkzWyTkrEJ7ukRo7JCakTTu7IA3kkT8698+y8Om9f1pwzmlklY+V8fAIK/6XX</latexit>

Com(G, k) = Com(U(2n), k)

Equivalently,  is a -design iff the commutant dimension of  and  is the same!G k G U(2n)



Outline

• Applications

• Preliminaries

• Related works

• Overview of our results

• Generators of the Cliff

• An easy-to-manipulate basis 

• Orthonormal basis and Dimension of the Cliff



Outline

• Applications

• Preliminaries

• Related works

• Overview of our results

• Generators of the Cliff

• An easy-to-manipulate basis 

• Orthonormal basis and Dimension of the Cliff



• But it fails ‘gracefully’ to be a 4-design 

Related works

• The -th Clifford commutant was characterized for  in: k k ≤ n − 1

• ( )-th Clifford commutant is generated by permutations and . k = 4 Π4

(Even if not a -design, it is still approximate state -design!)  4 4

<latexit sha1_base64="u1isiIadJieOAr8cKdsM4qYVykQ="></latexit>

⇧4 :=
X

P2Pn

P⌦4 2 Com(Cln, k = 4)
<latexit sha1_base64="n9Ai/gKKec97RhpQBARwjrGMnzg=">AAACF3icbVC7SgNBFJ31GeMramkzGIQIEnaDrzJoYxnBmEA2htnJjQ6ZmV1m7gqy5AP8BL/CVis7sbW08F+cjSl8nepwzrnce0+USGHR99+9qemZ2bn5wkJxcWl5ZbW0tn5h49RwaPJYxqYdMQtSaGiiQAntxABTkYRWNDzJ/dYNGCtifY63CXQVu9JiIDhDJ/VK5bAhens01DEKTUPF8Nqo7CRWo0qzUrvUO7vDHZfyq/4Y9C8JJqRMJmj0Sh9hP+apAo1cMms7gZ9gN2MGBZcwKoaphYTxIbuCjqOaKbDdbPzMiG6nlmFMEzBUSDoW4ftExpS1typyyfxa+9vLxf+8ToqDo24mdJIiaJ4vQiFhvMhyI1xLQPvCACLLLwfqCuHMMEQwgjLOnZi62oquj+D393/JRa0aHFT3z/bK9eNJMwWySbZIhQTkkNTJKWmQJuHkjjyQR/Lk3XvP3ov3+hWd8iYzG+QHvLdPrIaejA==</latexit>

⇧4 /2 Com(U(2n), k)

<latexit sha1_base64="A1/FEI1Q5OdesCFSm4yJHkBL1jk=">AAACHXicbVDLSgNBEJz1bXxFPXoZDEICEnYlPi5CMBePEUwiZMMyO+nokJnZZaZXkCXf4Cf4FV715E28igf/xd0YxFedqqu66e4KYyksuu6bMzU9Mzs3v7BYWFpeWV0rrm+0bZQYDi0eychchMyCFBpaKFDCRWyAqVBCJxw2cr9zDcaKSJ/jTQw9xS61GAjOMJOCYsVviqBGfaGprxheGZU2IjUqfxVyFOjd4XGtEhRLbtUdg/4l3oSUyATNoPju9yOeKNDIJbO267kx9lJmUHAJo4KfWIgZH7JL6GZUMwW2l45fGtGdxDKMaAyGCknHInyfSJmy9kaFWWd+qf3t5eJ/XjfBwVEvFTpOEDTPF6GQMF5kuRFZVkD7wgAiyy8HmiXDmWGIYARlnGdikoVXyPLwfn//l7T3qt5Bdf+sVqqfTJJZIFtkm5SJRw5JnZySJmkRTm7JPXkgj86d8+Q8Oy+frVPOZGaT/IDz+gFL+aGd</latexit>

⇧4 2 Com(Cln, k = 4)

<latexit sha1_base64="gc2do8Gw/tmTyy/rXCwswU/+AiM="></latexit>

Com(Cln, 4) = Span(hV⇡,⇧4i⇡2Sk)

[2] The Clifford group fails gracefully to be a unitary 4-design, Zhu et al, 2015. 

• Clifford group = exact 3-design [1] Multiqubit Clifford groups are unitary 3-designs, Zhu, 2015.
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Our results (Spoiler/Quick overview)

• The -th Clifford commutant is generated by k

• They form a basis for the commutant, easy to manipulate via a graphical calculus.

• Explicit formula for  for all .dim(Com(Cln, k)) n, k ∈ ℕ
• Computed by: - constructing an orthonormal basis (via twirling the Pauli basis),  

- Permutations  ,  Vπ
- Pauli sums

• It suffices to take:

<latexit sha1_base64="lxttLA3iCuwONxUlNv+bZqZ5MUM="></latexit> X

P2Pn

P⌦q, q 2 2N, q  k
<latexit sha1_base64="lxttLA3iCuwONxUlNv+bZqZ5MUM="></latexit> X

P2Pn

P⌦q, q 2 2N, q  k

q ∈ {4,6}, and if k ∈ 4ℕ, also q = k .

1) Generators:

2) Basis:

3) Dimension:

• Products of these Pauli sums yield: the Pauli monomials,

- and counting its elements.
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Commutant generators
• Unitary commutant: span of permutations, generated by SWAPs:

• What about the Clifford commutant? 
Permutation operators

<latexit sha1_base64="Rv/ZE6kD/Ty8uCsmFGu4qHMeRSk="></latexit>

Com(U(2n), k) = Span(V⇡ : ⇡ 2 Sk)
<latexit sha1_base64="Dur5J4DMkoDZwe5FcRUfOwI4z8k="></latexit>

SWAP =
1

d

X

P2Pn

P⌦2

- We also show that they are sufficient to generate it:

<latexit sha1_base64="9bdGgGnUsZetZE6t6meD0zjrwOA="></latexit> X

P2Pn

P⌦v, v 2 {0, 1}k, |v| ⌘ 0 (mod 2)
<latexit sha1_base64="Fh2qiOewESduXJYv7W+a61UrC80="></latexit>

C

 
X

P2Pn

P⌦v

!
C† =

X

P2Pn

(CPC†)⌦v =
X

Q2Pn

Q⌦v- They are in the commutant: 

<latexit sha1_base64="Ugcjly3PwE2jpAvvOiimvaot6Wo="></latexit>

Com(Cln, k) = Span

 D X

P2Pn

P⌦v
E

|v|⌘0 (mod 2)

!
= Span

 D X

P2Pn

P⌦v
E

|v|2{2,4,6} or |v|=k if k24N

!
.

<latexit sha1_base64="Ugcjly3PwE2jpAvvOiimvaot6Wo="></latexit>

Com(Cln, k) = Span

 D X

P2Pn

P⌦v
E

|v|⌘0 (mod 2)

!
= Span

 D X

P2Pn

P⌦v
E

|v|2{2,4,6} or |v|=k if k24N

!
.

• Graceful generalization: For , this reduces to Zhu et al. (2015):k = 4
<latexit sha1_base64="FVd6kQinANeZP5l6rNX9GBIjhSQ="></latexit>

Com(Cln, 4) = Span

 D X

P2Pn

P⌦v
E

|v|2{2,4}

!
.

<latexit sha1_base64="eFj/APO0VEEW8ItmaFu7sqcsdMo="></latexit>

Com(U(2n), k) = Span(V⇡ : ⇡ 2 Sk) = Span
�
hSWAPi,jii,j2[k]

�
.

- Consider:



Commutant generators
• So the Clifford commutant is generated by:

1) We propose an ansatz for a commutant basis, and prove it is indeed a basis.

👉 What is this ansatz for the commutant basis?

2) We show that every basis element factors into products of Pauli sums (“primitives”)

3) Finally, every such Pauli sum factors into products of

• How do we prove this?

<latexit sha1_base64="Ugcjly3PwE2jpAvvOiimvaot6Wo="></latexit>

Com(Cln, k) = Span

 D X

P2Pn

P⌦v
E

|v|⌘0 (mod 2)

!
= Span

 D X

P2Pn

P⌦v
E

|v|2{2,4,6} or |v|=k if k24N

!
.

<latexit sha1_base64="Ugcjly3PwE2jpAvvOiimvaot6Wo="></latexit>

Com(Cln, k) = Span

 D X

P2Pn

P⌦v
E

|v|⌘0 (mod 2)

!
= Span

 D X

P2Pn

P⌦v
E

|v|2{2,4,6} or |v|=k if k24N

!
.

<latexit sha1_base64="9bdGgGnUsZetZE6t6meD0zjrwOA="></latexit> X

P2Pn

P⌦v, v 2 {0, 1}k, |v| ⌘ 0 (mod 2)

• Question:

<latexit sha1_base64="JLr3dJlSO7YpLQB/vduAlIF79e4="></latexit> X

P2Pn

P⌦2,
X

P2Pn

P⌦4,
X

P2Pn

P⌦6, and if k 2 4N,
X

P2Pn

P⌦k.

(acting on different tensor registers)
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Pauli “monomials”: our basis ansatz 
• We define a family of operators  :{Ω(V, M)}

Columns of V

<latexit sha1_base64="4j2CHH0nhkxIXAAv4YBa+uWyDNc="></latexit>

V 2 Fk⇥m
2 with even columns (|vj | ⌘ 0 (mod 2)), with m  k � 1-

-
<latexit sha1_base64="gGtzePNYwm9gqUsjPIhmYBuOZWk="></latexit>

M 2 Sym0(Fm⇥m
2 ): symmetric, zero diagonal.

<latexit sha1_base64="W6872LK49UCBEO8rxw4SWxNYRH8="></latexit>

⌦(V,M) =
1

dm

X

P1,...,Pm2Pn

0

@
Y

1i<jm

�(Pi, Pj)
Mij

1

A
mY

j=1

P
⌦vj
j .

• Pauli monomials lie in the commutant:
<latexit sha1_base64="Nm9LlKee52eYeE8ktogEjCiMNgM="></latexit>

C⌦k ⌦(V,M) (C†)⌦k = ⌦(V,M), 8C 2 Cln.

(Because Cliffords map Paulis to Paulis and preserve commutation relations)

<latexit sha1_base64="TOM2ufHt+yfBGJ2m9pGe0sqwfNQ="></latexit>

�(Pi, Pj) =

(
+1, if Pi, Pj commute

�1, if they anticommute
where: d := 2n,



Pauli monomials form a basis

• For ,  the operators in  are linearly independent.n ≥ k − 1
<latexit sha1_base64="GdPUu8uNKC5srZu+jtQPq1VKxPg=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQUAaJPKTEitaXTTjl/OBujRRZKfgKWqjoEC2fQsG/YBsXkDDVaGZXOztepKQh2/60FhaXlldWS2vl9Y3Nre3Kzm7LhLEW2BShCnXHA4NKBtgkSQo7kUbwPYVtb3yV+e0H1EaGwS1NInR9GAVyKAVQKrmc93ygOwEqaUz7lapds3PweeIUpMoKNPqVr94gFLGPAQkFxnQdOyI3AU1SKJyWe7HBCMQYRthNaQA+GjfJQ0/5YWyAQh6h5lLxXMTfGwn4xkx8L53MIppZLxP/87oxDS/cRAZRTBiI7BBJhfkhI7RM20A+kBqJIEuOXAZcgAYi1JKDEKkYp/WU0z6c2e/nSeu45pzVTm9OqvXLopkS22cH7Ig57JzV2TVrsCYT7J49sWf2Yj1ar9ab9f4zumAVO3vsD6yPbwgQlkk=</latexit>P

<latexit sha1_base64="RUXNBq2QKUe6XZHRNdXjOakmOBU="></latexit>

Com(Cln, k) = Span(P)

Theorem: The set of Pauli monomials      spans the Clifford commutant: 
<latexit sha1_base64="GdPUu8uNKC5srZu+jtQPq1VKxPg=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQUAaJPKTEitaXTTjl/OBujRRZKfgKWqjoEC2fQsG/YBsXkDDVaGZXOztepKQh2/60FhaXlldWS2vl9Y3Nre3Kzm7LhLEW2BShCnXHA4NKBtgkSQo7kUbwPYVtb3yV+e0H1EaGwS1NInR9GAVyKAVQKrmc93ygOwEqaUz7lapds3PweeIUpMoKNPqVr94gFLGPAQkFxnQdOyI3AU1SKJyWe7HBCMQYRthNaQA+GjfJQ0/5YWyAQh6h5lLxXMTfGwn4xkx8L53MIppZLxP/87oxDS/cRAZRTBiI7BBJhfkhI7RM20A+kBqJIEuOXAZcgAYi1JKDEKkYp/WU0z6c2e/nSeu45pzVTm9OqvXLopkS22cH7Ig57JzV2TVrsCYT7J49sWf2Yj1ar9ab9f4zumAVO3vsD6yPbwgQlkk=</latexit>P

<latexit sha1_base64="j/NrSXav3wov8U6tyY+vCjZGdUA="></latexit>

P = {⌦(V,M) |V 2 Even(Fm⇥m
2 ) : rank(V ) = m, M 2 Sym0(Fm⇥m

2 ) , m 2 [k � 1]} .
Matrices with even columns Symmetric, zero diagonal

Properties: 

•   The number of Pauli monomials is
<latexit sha1_base64="y1JUVFXh4T6tZ8qSJPsrc3iH7gE="></latexit>

|P| =
k�2Y

i=0

(2i + 1).

•   Sanity check: for , the Clifford group is a 3-design.k = 3

<latexit sha1_base64="QavSqVkV+nboh4Pe7a1GJEt9fcs=">AAACBHicbVC5TsNAEF1zhnAZKGlWREihieyIq0FC0FAGKQdSLo03k2SV9aHdcSRkpeUraKGiQ7T8BwX/gmNSAOFVT+/NaN48L1LSkON8WAuLS8srq7m1/PrG5ta2vbNbN2GsBdZEqEJ954FBJQOskSSFd5FG8D2FDW90PfUbY9RGhkGV7iNs+zAIZF8KoFTq2vZFuZO0qkMkKI465aNJ1y44JScDnyfujBTYDJWu/dnqhSL2MSChwJim60TUTkCTFAon+VZsMAIxggE2UxqAj6adZMkn/DA2QCGPUHOpeCbiz40EfGPufS+d9IGG5q83Ff/zmjH1z9uJDKKYMBDTQyQVZoeM0DKtBHlPaiSCaXLkMuACNBChlhyESMU47Sif9uH+/X6e1Msl97R0cntcuLyaNZNj++yAFZnLztglu2EVVmOCjdkje2LP1oP1Yr1ab9+jC9ZsZ4/9gvX+BQEhlz0=</latexit>

= 2⇥(k2)



• Just like permutations:

- they factorize on qubits:

Properties of Pauli monomials 

• Gauge freedom for : Ω(V, M)

  
(where  is a Pauli monomial with )ω d = 2

- they are “approximately” orthogonal:
<latexit sha1_base64="f3p6Z7lr1IDRrtmu2JXL1ZgbH0Q="></latexit>

Tr(⌦†⌦0) =

(
d k, ⌦ = ⌦0,

 d k�1, otherwise.

<latexit sha1_base64="10IX0B1TJqQB7AKbfah5Wgl5Bpk="></latexit>

⌦(V,M) =
�
!(V,M)

�⌦n

<latexit sha1_base64="OzQP7PVjJFQ+SmwV+LgmNclKWXU="></latexit>

8A 2 GL(Fm⇥m
2 ) 9M 0

A : ⌦(V,M) = ⌦(V A,M 0
A).

That is, arbitrary Gaussian operations on  can be implemented by adjusting .V M

• Normal form:

Normal form → ‘phases’ ( ) can be removed →  is just a product of “primitive” Pauli sums.M Ω

<latexit sha1_base64="oOMg7w7iYgWo4uwZgz9C9KQ7Y/E="></latexit>

9V 0, V 00 : ⌦(V,M) = ⌦(V 0, 0)⌦(V 00, 0).

-  has all column with hamming weight in ,V′￼ 4ℕHere:
-  has all column with hamming weight in .V′￼′￼ 4ℕ + 2



Normal form of Pauli monomials 
<latexit sha1_base64="oOMg7w7iYgWo4uwZgz9C9KQ7Y/E="></latexit>

9V 0, V 00 : ⌦(V,M) = ⌦(V 0, 0)⌦(V 00, 0).
-  has all columns with hamming weight in ,V′￼ 4ℕHere:
-  has all columns with hamming weight in .V′￼′￼ 4ℕ + 2

•   is a product of primitives:Ω(V′￼,0)

These are (proportional to) projectors

•   is a product of primitivesΩ(V′￼′￼,0)

These are unitaries

<latexit sha1_base64="0cE2DVUvxnedgq8VqS9LM2voBUI="></latexit>

1

d

X

P2Pn

P⌦v, |v| 2 4N+ 2.
<latexit sha1_base64="YWsG6F6V2N+TuuD2pDRceOK2vmQ="></latexit>

1

d

X

P2Pn

P⌦v, |v| 2 4N.

- Example:

In many applications, the unitary Pauli monomials are typically the only ones that matter.

(up to exponential corrections, e.g. “stabilizer states are approx. state -design”)
4

- Example:
<latexit sha1_base64="JLr3dJlSO7YpLQB/vduAlIF79e4="></latexit> X

P2Pn

P⌦2,
X

P2Pn

P⌦4,
X

P2Pn

P⌦6, and if k 2 4N,
X

P2Pn

P⌦k.
<latexit sha1_base64="YWsG6F6V2N+TuuD2pDRceOK2vmQ="></latexit>

1

d

X

P2Pn

P⌦v, |v| 2 4N.
<latexit sha1_base64="JLr3dJlSO7YpLQB/vduAlIF79e4="></latexit> X

P2Pn

P⌦2,
X

P2Pn

P⌦4,
X

P2Pn

P⌦6, and if k 2 4N,
X

P2Pn

P⌦k.,

<latexit sha1_base64="YWsG6F6V2N+TuuD2pDRceOK2vmQ="></latexit>
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d

X

P2Pn

P⌦v, |v| 2 4N.
<latexit sha1_base64="JLr3dJlSO7YpLQB/vduAlIF79e4="></latexit> X

P2Pn

P⌦2,
X

P2Pn

P⌦4,
X

P2Pn

P⌦6, and if k 2 4N,
X

P2Pn

P⌦k.
<latexit sha1_base64="YWsG6F6V2N+TuuD2pDRceOK2vmQ="></latexit>

1

d

X

P2Pn

P⌦v, |v| 2 4N.

Projector Unitary



Graphical calculus for Pauli monomials
• Many of the previous properties are shown trough a graphical calculus.

<latexit sha1_base64="W6872LK49UCBEO8rxw4SWxNYRH8="></latexit>

⌦(V,M) =
1

dm

X

P1,...,Pm2Pn

0

@
Y

1i<jm

�(Pi, Pj)
Mij

1

A
mY

j=1

P
⌦vj
j .

Graphical representation for :Ω(V, M)
<latexit sha1_base64="hgllgCELuFzB5WkcTm1foy6zWp8="></latexit>

Each column vj of V �! a column of black/white dots (1/0)
<latexit sha1_base64="NIcaUnkXLRk5t41WqC7E3z162Pc="></latexit>

Each Mi,j = 1 �! a line (a phase) connecting columns i and j

Algebraic manipulations of Pauli monomials translate into simple diagram moves.



Column addition rules (add col 1 to col 2):  

• Recall the “Gauge freedom”:

• Generators of such operations  = nearest-neighbor column addition.A

• Propagate phases: any other column connected to col 1 gets a new line to col 2.
• If , add a line between col 1 and col 2.|v1 | ≡ 2 (mod 4)

<latexit sha1_base64="Ew8cRH4npCqFdBtxWQaU1PEn15g="></latexit>

⌦(V,M) = ⌦(V A,M 0
A), A 2 GL(Fm

2 )

• These rules allow very fast calculations (e.g. proving the normal form, or magic-measures equivalence).

Graphical calculus for Pauli monomials 



Idea: Find an invertible map to another operator set already known to be a basis.

Which basis do we already know?

• Image of the Clifford twirling channel = commutant.

• Thus, twirling a full operator basis (e.g. Paulis) ⇒ basis of the commutant!

Pauli monomials form a basis — but why?
Question:

How do we prove that Pauli monomials really form a basis of the commutant?
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Orthonormal basis via Clifford twirling
• Twirling each Pauli basis element ⇒ basis of the commutant!

• Doing this explicitly yields orthogonal operators

• Counting them gives the exact dimension of the commutant.

Adiacency matrix of the 
 anticommutation graph of the Paulis

G ∈ Sym0(𝔽m×m
2 )

V ∈ Even(𝔽k×m
2 )

• For all valid , these operators form an orthogonal basis.V, G

<latexit sha1_base64="lLj3WehRZwEXlyYWR5Kmi4AkmRs="></latexit>

fI(V,G) =
X

P1,...,Pm2Pn
A(P1,...,Pm)=G,

alg. indep.

mY

j=1

P
⌦vj
j .

Sum only over the Paulis  
which are “algebraic” indipendent

Fact:
•                  is nonzero iff .rank(G) ≥ 2(m − n)

<latexit sha1_base64="lLj3WehRZwEXlyYWR5Kmi4AkmRs="></latexit>

fI(V,G) =
X

P1,...,Pm2Pn
A(P1,...,Pm)=G,

alg. indep.

mY

j=1

P
⌦vj
j .

(i.e., they cannot written as 
 product of the others)



Dimension of the Clifford commutant

<latexit sha1_base64="DN9+mMmoATTY0PO7HX+WMj80FSI="></latexit>

dim
�
Com(Cln, k)

�
=

k�1X

m=0

⇣
# m-dimensional even subspaces of Fk

2

⌘
⇥

⇣
# allowed m⇥m graphs G

⌘
.

<latexit sha1_base64="JHjnaXNzTs+/4YAdmtcfyPcDoLg="></latexit>

dim
!
Com(Cln , k)

"
!

#
2

k 2 ! 3k
2 , 2n " k # 1,

22kn ! 2n 2 ! 3n , 2n < k # 1.

• So the commutant dimension is given by the number of allowed V and G

(Exact closed formula is given in the paper.)

• Asymptotics (up to constant factors):
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Applications (& more)

Magic-state resource theory

Property testing

• The tools developed have several applications, such as: 

(monotones !  commutant)

(Optimal POVM !  commutant)

• Many of the results shown naturally extend to qudits.



Summary

Thank you for your attention! 

• Our main results:

• Generators of the Clifford commutant: permutations + 3 primitives!

• Easy-to-use basis of Pauli monomials (thanks to graphical calculus) 

• Orthonormal basis and Dimension of the Clifford commutant for all n, k .


